
The radius of a circle is growing at a rate of 4 m/s. What is the rate at which the area within the circle is 
changing when the radius is 20m?

𝑟 = 20𝑚

𝑑𝐴

𝑑𝑡
⎯⎯⎯| = ?

𝑑𝑟

𝑑𝑡
⎯⎯⎯= 4               𝐴 = 𝜋𝑟

            
𝑑𝐴

𝑑𝑡
⎯⎯⎯= 2𝜋𝑟

𝑑𝑟

𝑑𝑡
⎯⎯⎯

            
𝑑𝐴

𝑑𝑡
⎯⎯⎯= 2𝜋𝑟 (4)

            
𝑑𝐴

𝑑𝑡
⎯⎯⎯= 8𝜋𝑟

                  = 8𝜋(20)
                  = 160𝜋
                 
            ⎯⎯ = 160𝜋 ⎯⎯

Therefore the area is changing at a rate of 160𝜋 ⎯⎯⎯ when the radius is 20𝑚.

Find the rate of change.

The volume of a balloon is increasing at 256 meters cubed per second. How fast is the radius increasing 
when the radius is two meters?

𝑑𝑉

𝑑𝑡
⎯⎯⎯= 256

𝑚

𝑠
⎯⎯𝑟 = 2

   𝑉 =
4

3
⎯⎯𝜋𝑟

 
𝑑𝑉

𝑑𝑡
⎯⎯⎯= 3 ×

4

3
⎯⎯𝜋𝑟

𝑑𝑟

𝑑𝑡
⎯⎯⎯

 
𝑑𝑉

𝑑𝑡
⎯⎯⎯= 4𝜋𝑟

𝑑𝑟

𝑑𝑡
⎯⎯⎯

256 = 4𝜋(2) ⎯⎯

  
𝑑𝑟

𝑑𝑡
⎯⎯⎯=

16

𝜋
⎯⎯⎯

𝑚

𝑠
⎯⎯

Therefore the radius is changing at ⎯⎯⎯⎯when the radius is 2 m.

𝑑𝑟

𝑑𝑡
⎯⎯⎯| = ?

𝑑𝐴

𝑑𝑡
⎯⎯⎯=

𝑑𝐴

𝑑𝑟
⎯⎯⎯×

𝑑𝑟

𝑑𝑡
⎯⎯⎯

𝑑𝐴

𝑑𝑟
⎯⎯⎯= 2𝜋𝑟 ×

𝑑𝑟

𝑑𝑟
⎯⎯⎯

𝑑𝑟

𝑑𝑟
⎯⎯⎯= 1
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Train 'a' leaves Vancouver heading South at 10 m/s and train 'b' leaves heading East at 5 m/s? How far are they a 
part after two minutes? What is the speed at which the trains are moving apart at that time?

𝑑𝑎

𝑑𝑡
⎯⎯⎯= 10

𝑑𝑏

𝑑𝑡
⎯⎯⎯= 5

                                      𝑎 +𝑏 = 𝑐

                       2𝑎
𝑑𝑎

𝑑𝑡
⎯⎯⎯+ 2𝑏

𝑑𝑏

𝑑𝑡
⎯⎯⎯= 2𝑐

𝑑𝑐

𝑑𝑡
⎯⎯⎯

2(1200)(10) + 2(600)(5) = 2(1341.6)
𝑑𝑐

𝑑𝑡
⎯⎯⎯

                                      30000 = 2683.2 
𝑑𝑐

𝑑𝑡
⎯⎯⎯

                                            

                                             
𝑑𝑐

𝑑𝑡
⎯⎯⎯= 11.1

𝑚

𝑠
⎯⎯

            𝑎 + 𝑏 = 𝑐
1200 + 600 = 𝑐
                         
                         𝑐 = 1341.6

2 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 = 120 𝑠𝑒𝑐𝑜𝑛𝑑𝑠

𝑎 = 𝑣𝑡
𝑎 = 10 × 120

𝑎 = 1200

𝑏 = 𝑣𝑡
𝑏 = 5 × 120

𝑏 = 600

1200

600

1341.6

𝑑𝑐

𝑑𝑡
⎯⎯⎯| = ?

𝑑 = 𝑣𝑡

Spotlight

𝑑𝑥

𝑑𝑡
⎯⎯⎯=  +0.7

𝑥

𝑦

15

                               
𝑦

15
⎯⎯⎯=

2

𝑥
⎯⎯

                               𝑥𝑦 = 30

             
𝑑𝑥

𝑑𝑡
⎯⎯⎯𝑦 +

𝑑𝑦

𝑑𝑡
⎯⎯⎯𝑥 = 0

0.7(4.29) +
𝑑𝑦

𝑑𝑡
⎯⎯⎯(7) = 0

                               
𝑑𝑦

𝑑𝑡
⎯⎯⎯= −

0.7(4.29)

7
⎯⎯⎯⎯⎯⎯⎯⎯

                               
𝑑𝑦

𝑑𝑡
⎯⎯⎯= −0.429

𝑚

𝑠
⎯⎯

2

𝑥𝑦 = 30
7𝑦 = 30

  𝑦 =
30

7
⎯⎯⎯

 
  𝑦 = 4.29

𝑑𝑦

𝑑𝑡
⎯⎯⎯| = ?

A 2 m tall person is walking away from a spotlight, 15 m from a wall, towards the wall at 0.7 m/s. How 
fast is the shadow on the wall changing when they are 7 m from the spotlight?
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The top of a 16 ft ladder slides down a wall at a rate of 3 ft/s. At what rate is the base of the ladder 
sliding away from the wall when the latter is at a height of 8 ft on the wall. 

𝑑𝑦

𝑑𝑡
⎯⎯⎯= −3

𝑓𝑡

𝑠
⎯⎯

                              𝑥 + 𝑦 = 𝑐

                 2𝑥
𝑑𝑥

𝑑𝑡
⎯⎯⎯+ 2𝑦

𝑑𝑦

𝑑𝑡
⎯⎯⎯= 2𝑐

𝑑𝑐

𝑑𝑡
⎯⎯⎯

2 8√3
⎯⎯  𝑑𝑥

𝑑𝑡
⎯⎯⎯+ 2(8)(−3) = 0

                                       
𝑑𝑥

𝑑𝑡
⎯⎯⎯=

3

√3
⎯⎯ ⎯⎯⎯

                                       

                                     
𝑑𝑥

𝑑𝑡
⎯⎯⎯= √3

⎯⎯  𝑓𝑡

𝑠
⎯⎯

𝑥 + 𝑦 = 𝑐
𝑥 + 8 = 16

            𝑥 = 16 − 8
⎯⎯⎯⎯⎯⎯⎯⎯ 

 

            𝑥 = √192
⎯⎯⎯ 

           

            𝑥 = 8√3
⎯⎯ 

 

*Length is shrinking: 
Derivative is Negative.

16

8

*We can substitute 
constants into the formula

What is the rate the angle at the bottom of the ladder changing?

16

8

𝑠𝑖𝑛𝜃 =
8

16
⎯⎯⎯

      𝜃 = sin (
1

2
⎯⎯)

     𝜃 =
𝜋

6
⎯⎯

         𝑐𝑜𝑠𝜃 =
𝑥

𝑟
⎯⎯

         𝑐𝑜𝑠𝜃 =
𝑥

16
⎯⎯⎯

−𝑠𝑖𝑛𝜃
𝑑𝜃

𝑑𝑡
⎯⎯⎯=

1

16
⎯⎯⎯

𝑑𝑥

𝑑𝑡
⎯⎯⎯

   −
8

16
⎯⎯⎯

𝑑𝜃

𝑑𝑡
⎯⎯⎯=

1

16
⎯⎯⎯ √3

⎯⎯ 

𝑑𝜃

𝑑𝑡
⎯⎯⎯= −

√3
⎯⎯ 

8
⎯⎯⎯

𝑟𝑎𝑑

𝑠
⎯⎯⎯

8√3
⎯⎯ 

𝜋

6
⎯⎯

*Real life is in Radians. 
Degrees are for children.

*I used cos because it 
used the rate I already 
solved on the top. Using 
sin and tan is possible 
but much more difficult 
based on the 
information and 
previously solved. We 
want our constant on 
the bottom.

𝑑𝑥

𝑑𝑡
⎯⎯⎯| = ?
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A 5 foot tall woman is walking away from a 20 foot lamp post at 3 m/s. What rate is her shadow increasing when she 
is 30 feet from the lamp post; and is her shadow getting bigger or smaller. How fast is the tip of her shadow moving?

𝑑𝑦

𝑑𝑡
⎯⎯⎯ = ?

5 
20

𝑑𝑥

𝑑𝑡
⎯⎯⎯= 3

𝑚

𝑠
⎯⎯

𝑥 = 30𝑦

           
5

20
⎯⎯⎯=

𝑦

𝑥 + 𝑦
⎯⎯⎯⎯⎯

5𝑥 + 5𝑦 = 20𝑦
           5𝑥 = 15𝑦
              𝑥 = 3𝑦

           
𝑑𝑥

𝑑𝑡
⎯⎯⎯= 3

𝑑𝑦

𝑑𝑡
⎯⎯⎯

             3 = 3
𝑑𝑦

𝑑𝑡
⎯⎯⎯

           
𝑑𝑦

𝑑𝑡
⎯⎯⎯= 1

𝑓𝑡

𝑠
⎯⎯

A float plane rising at 30 degrees above the horizontal flies over a boat at an altitude of 100 m at 60 m/s. How 
fast is the distance between the boat and the plane increasing after five seconds?

30

90

𝑣 =
𝑑

𝑡
⎯⎯

𝑑 = 𝑣𝑡
𝑑 = 60 × 5

𝑑 = 300 𝑚

𝑏 =  300

𝑎 = 100 𝑐 = 𝑎 + 𝑏 − 2𝑎𝑏𝑐𝑜𝑠𝐶

𝑐 = 100 + 300 − 2(100)(300) cos
7𝜋

6
⎯⎯⎯

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
 

𝑐 = 389.8 𝑚

                  𝑐 = 𝑎 + 𝑏 − 2𝑎𝑏𝑐𝑜𝑠𝐶

            2𝑐
𝑑𝑐

𝑑𝑡
⎯⎯⎯= 0 + 2𝑏

𝑑𝑏

𝑑𝑡
⎯⎯⎯− 2𝑎𝑐𝑜𝑠𝐶

𝑑𝑏

𝑑𝑡
⎯⎯⎯

2(389.8)
𝑑𝑐

𝑑𝑡
⎯⎯⎯= 0 + 2(300)(60) − 2(100) −

√3
⎯⎯ 

2
⎯⎯⎯ (60)

                 
𝑑𝑐

𝑑𝑡
⎯⎯⎯= 59.5

𝑚

𝑠
⎯⎯

𝑑𝑏

𝑑𝑡
⎯⎯⎯= 60

*That would have been a tough 
product rule if more things were 
changing

*Word Problems 
in Radians

𝑍

𝑑𝑧

𝑑𝑡
⎯⎯⎯=

𝑑𝑦

𝑑𝑡
⎯⎯⎯+

𝑑𝑥

𝑑𝑡
⎯⎯⎯

𝑑𝑧

𝑑𝑡
⎯⎯⎯= 1 + 3

𝑑𝑧

𝑑𝑡
⎯⎯⎯= 4

𝑚

𝑠
⎯⎯

𝑑𝑐

𝑑𝑡
⎯⎯⎯| = ?

120 =
7𝜋

6
⎯⎯⎯
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Find the rate of change.

A cone with a radius of 3 cm and height of 6 cm is filling with water where the height of the water level 
is increasing at a rate of 0.2 cm/s. What is the rate the volume is increasing when the height of the 
water level is 5 cm.

  𝑉 =
1

3
⎯⎯𝜋𝑟 ℎ

  𝑉 =
1

3
⎯⎯𝜋

ℎ

2
⎯⎯ ℎ

  𝑉 =
1

12
⎯⎯⎯𝜋ℎ

𝑑𝑉

𝑑𝑡
⎯⎯⎯= 3 ×

1

12
⎯⎯⎯𝜋ℎ

𝑑ℎ

𝑑𝑡
⎯⎯⎯

𝑑𝑉

𝑑𝑡
⎯⎯⎯=

1

4
⎯⎯𝜋(5) (0.2)

𝑑𝑉

𝑑𝑡
⎯⎯⎯=

5𝜋

4
⎯⎯⎯

𝑐𝑚

𝑠
⎯⎯⎯

𝑑𝑉

𝑑𝑡
⎯⎯⎯=

1

3
⎯⎯𝜋 2𝑟

𝑑𝑟

𝑑𝑡
⎯⎯⎯ℎ +

𝑑ℎ

𝑑𝑡
⎯⎯⎯𝑟

𝑟 = 3

𝐻 = 6

ℎ = 5

𝐻

𝑅
⎯⎯=

ℎ

𝑟
⎯⎯

6

3
⎯⎯=

ℎ

𝑟
⎯⎯

2 =
ℎ

𝑟
⎯⎯

𝑟 =
ℎ

2
⎯⎯

𝑑ℎ

𝑑𝑡
⎯⎯⎯= 0.2 

3

ℎ = 5

6

𝑟

*We can't take this product so we must  
use similar triangles/other info

𝑑𝑉

𝑑𝑡
⎯⎯⎯| = ?
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𝑑𝑉

𝑑𝑡
⎯⎯⎯= ?

𝑑𝑟

𝑑𝑡
⎯⎯⎯| = 2

  𝑉 =
4

3
⎯⎯𝜋𝑟

𝑑𝑉

𝑑𝑡
⎯⎯⎯= 4𝜋𝑟

𝑑𝑟

𝑑𝑡
⎯⎯⎯

𝑑𝑉

𝑑𝑡
⎯⎯⎯= 4𝜋

100

4𝜋
⎯⎯⎯

⎯⎯⎯
 

 
𝑑𝑟

𝑑𝑡
⎯⎯⎯

𝑑𝑉

𝑑𝑡
⎯⎯⎯= 4𝜋 ×

100

4𝜋
⎯⎯⎯ × 2

𝑑𝑉

𝑑𝑡
⎯⎯⎯= 200

𝑚

𝑠
⎯⎯⎯

  𝑆𝐴 = 4𝜋𝑟
100 = 4𝜋(2)

     𝑟 =
100

4𝜋
⎯⎯⎯

⎯⎯⎯
 

    𝑟 =
10

2√𝜋⎯⎯ ⎯⎯⎯⎯ 𝑚

30

70

𝐴 𝐵

𝑆

50
𝑥

70
⎯⎯⎯=

𝑆

100
⎯⎯⎯

  𝑥 =
7

10
⎯⎯⎯𝑆

𝑑𝑥

𝑑𝑡
⎯⎯⎯=

7

10
⎯⎯⎯

𝑑𝑆

𝑑𝑡
⎯⎯⎯

  2 =
7

10
⎯⎯⎯

𝑑𝑆

𝑑𝑡
⎯⎯⎯

𝑑𝑆

𝑑𝑡
⎯⎯⎯=

20

7
⎯⎯⎯

𝑚

𝑠
⎯⎯

𝑥 = 25

𝑑𝑥

𝑑𝑡
⎯⎯⎯= 2

𝑑𝑆

𝑑𝑡
⎯⎯⎯| = ?

𝐴 𝑃 𝐵

𝐶

3

𝑥
5 − 𝑥$50

𝑚
⎯⎯⎯

$80

𝑚
⎯⎯⎯

𝐶𝑜𝑠𝑡 = 𝑙𝑒𝑛𝑔𝑡ℎ ×
𝑐𝑜𝑠𝑡

𝑙𝑒𝑛𝑔𝑡ℎ
⎯⎯⎯⎯⎯⎯𝐶 = 50(5 − 𝑥) + 80 𝑥 + 9

⎯⎯⎯⎯⎯⎯ 

𝐶 =
  0 =
Number Line

𝑥 + 9
⎯⎯⎯⎯⎯⎯ 
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𝑑𝑃

𝑑𝑞
⎯⎯⎯= 0 𝑜𝑟 𝑀𝑅 = 𝑀𝐶

𝐵𝑟𝑒𝑎𝑘 𝐸𝑣𝑒𝑛 𝑃 = 0

𝑅 = 𝑝𝑥

𝑅 = −
1

5𝑥
⎯⎯⎯+ 20 𝑥

𝑅 = −
1

5
⎯⎯𝑥 + 20𝑥

𝑝 = 𝑝𝑟𝑖𝑐𝑒
𝑥 = 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦
𝑅 = 𝑅𝑒𝑣𝑒𝑛𝑢𝑒
𝐶 = 𝐶𝑜𝑠𝑡
𝑃 = 𝑃𝑟𝑜𝑓𝑖𝑡

𝑝

𝑥

(20,16)

(30,14)

16$ 𝑢𝑛𝑖𝑡𝑠 𝑠𝑒𝑙𝑙 20 𝑢𝑛𝑖𝑡𝑠. 
14$ 𝑢𝑛𝑖𝑡𝑠 𝑠𝑒𝑙𝑙 30 𝑢𝑛𝑖𝑡𝑠. 

𝑚 =
𝑦 − 𝑦

𝑥 − 𝑥
⎯⎯⎯⎯⎯⎯⎯

𝑚 =
16 − 15

20 − 30
⎯⎯⎯⎯⎯⎯⎯

𝑚 = −
1

5
⎯⎯

x p R C P

20 16 320 240 120

30 14 420 260 160

𝑦 − 𝑦 = 𝑚(𝑥 − 𝑥 )

𝑝 − 16 = −
1

5
⎯⎯(𝑥 − 20)

𝑝 = −
1

5
⎯⎯𝑥 + 20

Demand Function
Down $1 Sell 5 more

  𝑃 = 𝑅 − 𝐶

  𝑃 = −
1

5
⎯⎯𝑥 + 20𝑥 − (4𝑥 + 140)

  𝑃 = −
1

5
⎯⎯𝑥 + 16𝑥 − 140

𝑑𝑃

𝑑𝑥
⎯⎯⎯= −

2

5
⎯⎯𝑥 + 16

   0 = −
2

5
⎯⎯𝑥 + 16

   𝑥 = 40 𝑢𝑛𝑖𝑡𝑠

Find q to max R

𝑅 = 𝑝𝑞 𝑃 = 𝑅 − 𝐶

𝑥

P

−140

𝑝 = −
1

5
⎯⎯𝑥 + 20

𝑝 = −
1

5
⎯⎯+ 20

𝑝 = 8 $

𝐶 = 4𝑥 + 140

(10,0) (70,0)

(40,180)

x p R C P

40 8 480 300 180

50 10 500 340 160

             𝑀𝑅 = 𝑀𝐶

−
2

5
⎯⎯𝑥 + 20 = 4

                   𝑥 = 40

𝐹𝑖𝑥𝑒𝑑 𝐶𝑜𝑠𝑡𝑠

Max Profit

𝑥 = # 𝑝 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑒𝑠
   𝑅 = 𝑝𝑞
   𝑅 = (16 − 1𝑥)(20 + 5𝑥)
   𝑅 = −5𝑥 + 60𝑥 + 320
𝑑𝑅

𝑑𝑥
⎯⎯⎯= −10𝑥 + 60

   0 = −10𝑥 + 60
   𝑥 = 6 6 price decrease, Max Revenue

−$1 𝑞 𝑑𝑜𝑤𝑛, 𝑞 +  5

𝐷𝑜𝑤𝑛 $6, 𝑅𝑒𝑣 = 500

𝑅 = −5𝑥 + 60𝑥 + 320
𝑅 = −5(6) + 60(6) + 320
𝑅 = 500

C12 - 4.5 - Demand Profit Max
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𝐹 = 𝑃𝑒
𝐹 = 𝑃𝑒 .

𝐹 = 𝑃𝑒 . × 0.05

𝐹 (500$) = ? ; 𝐹(500$)

             𝐹 = 𝑃𝑒
              𝐹 = 𝑃𝑒 .

         500 = 𝑃𝑒 .

         
500

𝑃
⎯⎯⎯ = 𝑒 .

ln
500

𝑃
⎯⎯⎯ = 0.05𝑡𝑙𝑛𝑒

              𝑡 =
ln

500
𝑃

⎯⎯⎯

0.05
⎯⎯⎯⎯⎯⎯⎯⎯

𝑘 = 5%

𝐹 = 𝑃𝑒 . × 0.05

𝐹 = 𝑃𝑒 .
⎯⎯⎯

.
⎯⎯⎯⎯⎯⎯ × 0.05

𝐹 = 𝑃𝑒
⎯⎯⎯

× 0.05

𝐹 = 𝑃
500

𝑃
⎯⎯⎯ × 0.05

𝐹 = 25
$

𝑦𝑒𝑎𝑟
⎯⎯⎯⎯

𝑒 = 𝑎

𝐹 = 𝑃𝑒

𝑒
⎯⎯⎯

=
500

𝑃
⎯⎯⎯

   𝑅 = 𝑝𝑞
𝐷𝑅

𝑑𝑝
⎯⎯⎯=

𝑑𝑝

𝑑𝑝
⎯⎯⎯𝑞 +

𝑑𝑞

𝑑𝑝
⎯⎯⎯𝑝

𝐷𝑅

𝑑𝑝
⎯⎯⎯= 𝑝

𝑑𝑞

𝑑𝑝
⎯⎯⎯+ 𝑞

𝐷𝑅

𝑑𝑝
⎯⎯⎯= 𝑞(

𝑝

𝑞
⎯⎯

𝑑𝑞

𝑑𝑝
⎯⎯⎯+ 1)

𝑑𝑝

𝑑𝑝
⎯⎯⎯= 1

𝐸(𝑝) =
𝑝

𝑞
⎯⎯

𝑑𝑞

𝑑𝑝
⎯⎯⎯

𝐷𝑅

𝑑𝑝
⎯⎯⎯= 𝑞(𝐸 + 1)

𝑞(𝑝) = 𝑞 𝑄𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑃𝑟𝑖𝑐𝑒

Product
Rearrange

𝑅

𝑝

𝑅 (𝑝) = 0

Factor

Elasticity

         𝑞 + 5𝑝 = 240
𝑑𝑞

𝑑𝑝
⎯⎯⎯+ 10𝑝

𝑑𝑝

𝑑𝑝
⎯⎯⎯= 0

                    
𝑑𝑞

𝑑𝑝
⎯⎯⎯= −10𝑝

𝑑𝑝

𝑑𝑝
⎯⎯⎯= 1

𝐸(𝑝) =
𝑝

𝑞
⎯⎯

𝑑𝑞

𝑑𝑝
⎯⎯⎯

𝐸(𝑝) =
𝑝

𝑞
⎯⎯× −10𝑝

𝐸(𝑝) = −
10𝑝

𝑞
⎯⎯⎯⎯⎯

   −1 = −
10𝑝

𝑞
⎯⎯⎯⎯⎯

       𝑞 = 10𝑝

𝐸(𝑝) = −1 ; @ max𝑆𝑒𝑙𝑙 10 𝑙𝑒𝑠𝑠 𝑒𝑎𝑐ℎ 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒 𝑖𝑛 $𝑝 

     𝑞 + 50𝑝 = 240
10𝑝 + 50𝑝 = 240
             60𝑝 = 240
                  𝑝 = 4

                    𝑝 = 2

𝑞 = 5𝑝
𝑞 = 5(2)

𝑞 = 20

     𝑞 + 50𝑝 = 240Price vs Quantity Find q to max Rev
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